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“All models are wrong but some
are useful”

George E. P. Box
(1919 -2013)

RERERTN
1. fAKE A (Model Checking): HEAYZE A ?
o B ERURE
AR
— AR SRR
U R
o JEIGTIAA: IR T e
— Posterior Predictive Checking(PPC)
2. HRAEAE (Model Comparison): JEFEMEAMRAY ?
o ZZXYGAE
o {5 EHEN
o DU



1 BREKWE (Model Checking)

1.1 RBREATLEE?
f5): etERlIIRBIEN A ED?
o HIBBAL: y = By + fix1 + fora + B33 + €, € ~ N(0,07)
o HSMRMN: y=1x1+ 29 +¢, e~ N(0,5)
o WEESH: fo=F=0,=pF=10"=5
o MELSEBIRAEEHLEL N MEA S

N=30

set.seed(123456)
x1=rnorm(N,0,1)
x2=rnorm(N,0,1)
x3=rnorm(N,0,1)
y=x1+x2+rnorm(N,0,5)
output<-1m(y~x1+x2+x3)
summary (output)

30 MEREREEMAFNERNT S
B y = By + Bix1 + Poxa + Bsxs + ¢, € ~ N(0,02)

Call:
Tm(formula = v ~ x1 + x2 + x3)

Residuals:
Min 10 Median 30 Max
-8.3210 -2.3343 -0.5798 3.3388 7.4133

Coefficients:
Estimate Std. Error t value Pr=|t])

(Intercept) 1.0582 0.9387 1.127 0.270
x1 0.5465 0.9332 0.586 0.563
x2 1.3732 0.8612 1.594 0.123
x3 -0.6307 0.8318 -0.758 0.455

Residual standard error: 4.462 on 26 degrees of freedom
Multiple R-squared: 0.1231, Adjusted R-squared: 0.02188
F-statistic: 1.216 on 3 and 26 DF, p-value: 0.3236

HAEBTAREERRRER?
1. N=30
o 02=05: x1,30 WAEE, R?=0.022
— ABER B SRR, BEE SRR E 2
o 02=3: ¥ 2y BF, R2=0.169
— A, HdE SR AR E

o 02 =1: 21,29 FE, R2=0.72



— e, s SRS BT
2. N =300,02=5: x1,20 ¥, R?=0.048
o BARBEIEMIUUN R EARE, HIGRERZE
3. N =10000,0% = 5: z1,z5 3, R?=0.082
o RUMEREARIRA, MamETREE
g
WA RZER T EZAKRK, BAABEIER R .
o WEER
— BHE D BRI
— Bl . WAIEEIR, (ETUNEE S %
o RETTFE/
— HE RO AR IR AR AR, T EL YR AE 7

5: 2 EARA FIRILER
— AN AU T (Freedman, 1983)

o MR AEFEEIMIZAEYE (100 17, 51 1), B 50 FMWEANHZE X1, Xo, ..

TENRA R Y
o RBEBIAGETE, HEATENEA TR, R
— BATFEN) PR B
— BRI I R
— FIRFEH R? 1R/
SHUEE PN OEEES
First pass: Y XtFif 50 TBEEMY3
e R?=0.60, p-fi = 0.00001
o fE =025 KT, 21 MREEE
o fE a=0.05 KFF, H7HREEEH
Second pass: X% 21 NEABEZE (o =0.25) WEEE)T
e R?=10.50, p-H =0.09
o fEa=025KFTF, f20 MREEH
o fEa=005K¥FTF, 14 MREEH
o £ a=0.01/KFF, H61NREEHE

X500 WIE—A



g5k

1. A4 LRM ', ] p-{EAIKr A AZ B B3 A —E /5 ONTHREZ 508 h i) LRM 20
DR A A — S Al 5D

2. BRATEEE . Rl ik 2P A

1.2 WMTHITRENE?
N HTE RS ERIZEM A
L AERNASER 2 R f(y|X,0) & “4F” [, HAFRE (Residuals) MiZA K.

2. DIm-ES ARG A ) AR A 4. R DU (8 AR R B0 A A D & “UFT 1Y,
B2 N AL = A R e RO 5 SE BRI 82 B B i AR 2800, B FR 3 750 436 HH BE AL 3 B ¥ &
EHAE Gdh v = (117, y5?, .., yrP) D) SEEREHEE (y = (y1,92, -+, yn)T) MEZIX
AR (HEREMED.

3. JUR Ui

o [FIETMSF (Posterior predictive distribution)
oily) = [ 1(al6)p(6ly)d8

o FETHNEHREMWEME xo TIARME g, FRATTNE:

o FETEAHARLIE X, WERFM oAb BEEHIUNFEAR, HWANEEHEARE y 7.
o BRIk W yr 5y GESZmg)

o ik WWEBURLEEIFEEREL T (y,0) F1 T(y"P, 0)

o VPNIREEANMERIAY, AHEIIR 0 HAN SR 00 53 A

WM ESHFARE y r?

BOWEE y1, 92, - yn KEEBEY ~ f(y|0), ZEIERD AN 0 ~ 7(0), J5K7314 p(6ly)
™(0)(y|6)-

ARARTASEALL A 5 6 TN o AR O LR AEAS y7e? JEIHE T (y™?, 0)?

Obtain L samples from p(y"*"|y)
For:=1,2,...,L,

1. Simulate a parameter ) ~ p(0)y),
2. Simulate ¥, ~ f(y"*|0")(dimension n)

3. TW =Ty, W)



DI ErR RS BRI R AR PR
BLEFEAS g1,y KELEIE Y ~ [(410), BEIERAA 6 ~ n(6), FRA p(0ly)

7(0)f(y|6)
1. HaEfE B KL (Discrepancy Measure) T(y,0). XA EULAL:
o HIEUHE M S EE AT LLTHEL
o HSERE S AR BUR BT S 15 BT S B B 2
o WHWE T(y,0) =y — E(y|0) Mr#EWIRE T(y,0) = [y — E(y|0)]/sd(y|0)
2. IR A L AR EME G n) MEZHIEE, 188 o17, .. y7
3. THRA B AR U S R SR KBRS s B T(y; ", 0) M T'(y, 6)
4. %%Eﬂ‘]ﬁ‘]ﬁd‘ CH B R R s DU p-AE I W Z2EE R, T B AR R AN BE 40L& SEBR
DIMEr p-1&
1. UM A5G T p-{H (Bayesian posterior predictive p-value )
pe =P(T(y"",0) > T(y,0)ly)
o &4 p-fH (457E 0):
p — value(y|0) = P(T(y"",0) > T(y,0)[0,y)
o UMM p-fE:
pe =P(T(y"",0) > T(y,0)y)

- / P(T(y"*",0) > T(y,0)|0y)p(6y)6

o 5

L
1
pe=T 2 iz o0)zrwom)
i=1

9. WM pp ARHHEE 0 BRF 1, TRV OGRS H PR RO B .
RIER, pp MIZEIE 0.5
o WK, TR p-ff29 2min(p, 1 — p)

(L i s el o p VA ol i
o B y1,y2,. .. yn A n R O-1RIWIIMERLE R, 0 RARGERN 1 MHEZ.
— MK ON: 1,1,0,0,0,0,0,1,1,1,1,1,0,0,0,0,0,0,0,0 (n=20,5=7)
— HIW: k5 &R S5 (Al A a7
o DU HrAsY .
y; ~ Bin(1,0),0 ~ U(0,1);

o AW G RIS T ):
Oly x 0%(1 — )" % ~ Beta(s+1,n—s+1),s=> y;

6



INEEIE B R T (y, 0)?
FERAR TR R A, R G i 8 HRE 2 R 7

o AESMBEY 540 2 6] ) R G 7 R

o AESRMBERURRAER R CIhSZPe. BRPE. (20 RESE)
o BATIHMIE X

o BB REERIFAE GBS HES WEHIEELMH 17

W d O VA e
FEES R T= BHETE 0 F1 1 Z (Al ) I8k
WEME: T(y) =3
Kt gR:

LI AL y)7, .y

(a) FPAEJERFEAR: 0,y ~ rbeta(l,8,14)
(b) HHFEAL: y;" ~ rbinomial(n = 20,1, 6,)

2. W5 T(y™?,0) J It p-E, fitth T RE T &

Codes

y <- <(1,1,0,0,0,0,0,1,1,1,1,1,0,0,0,0,0,0,0,0)

n <- length(y)

# num of success

s <- sum(y)

# test quantity for real data

Ty <- sum(diff(y) != 0) + 0.0

# LR

Trep <- function(s, n) {

p <- rbeta(l, s+1, n-s+1) # WS AMMI—NSH p (I
yrep <- rbinom(n, 1, p) # Lhi% p VMBI o MEAE
sum(diff (yrep) != 0) + 0.0 # il o-1 #EH#ik¥
}

# ERHRE

Tyrep <- data.frame(x = replicate(10000, Trep(s, n)))

# SR p E, BETE

mean(Tyrep<=Ty) # Bayesian p-value
hist(Tyrep$x,main="Histogram of T(yrep)")

abline(v=3, lwd = 5, col = 2)

BEERHESE (p-E =0.0272)



Histogram of T(yrep)
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1.3 RFRETNEE (PPC)

ETF bayesplot B PPC &R
A bayesplot 7 PPC #EL, AT LLEI 7R EGIRE A 5 56 TR0 43 A Hh e B B SR A A 5 S o WL ¢
THZ TA) () 22 5
st

Distributions Histograms, kernel density estimates, boxplots 28, tL# v F yrep.
Test-statistics L yrep Al y FEE B R %L
Intervals Interval estimates of yrep with y overlaid.

Predictive-errors Plots of predictive errors (y - yrep) computed from y and replicated datasets
(rows) in yrep.

Scatterplots Scatterplots of y vs. yrep, or vs. the average value of the distributions of each data
point (columns) in yrep.

Plots-for-discrete-outcomes PPC functions that can only be used if y and yrep are discrete.

LOO-predictive-checks PPC functions for predictive checks based on (approximate) leave-oneout
(LOO) cross-validation.



Bl: JREHFEAYTE R L o)) HR R
o Bl — (IEFREE): y; = a+ fr; + 5,60 ~ N(0,02)
o BRI (¢t AFIRED: y = a4 Bai + 5,6 ~ t(v =2,0,02)
o, 3,0 NIHEE SR BAHE AL

% PP Check HJitE

o FRI—T] LLE #5212 H Rstanarm F1 A% pp_ check(), HATLASEH posterior predict() Fh
E i 56 YO0 43 A IREAS ymeP, SR J5 H bayesplot ] PPC HEUER.

o MR T H M Rstan 1817, 1fi RStan A2 HEITHE AL log-likelihood F1 y"P.,

o RStan Wil B 5 56 T > A AE AR ? AR YARID F115 generated quantities £, 85 HhEX
y P 3 bayesplot #] PPC H#JER.

generated quantities {
vector[N] log_lik; //pointwise log-likelihood for LOO
vector[N] y_rep; //replications from posterior predictive dist
for (n in 1:N) {
real y_hat_i = alpha + beta * x[n];
log_lik[n] = student_t_lpdf(y[n] |2, y_hat_i, sigma);
y_rep[n] = student_t_rng(2, y_hat_i, sigma);

}

100 MEEHANNHEE
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Figure 1: FI N —, Hi KM —

20 MEEHAH boxplot
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Figure 3: Ll A —, Hi AL~

2 1RBILEE: (Model Comparison)

BR S48 T15E
BT[] — A i it Hedh A PSR OOl IS RIRE L), Nz e AN B AL g 2
BRI AN TI7EM (Ockham’s razor): X [6]—FELGAA PIFPA R B UL, FRATTRL1Z R HL LG A 147 B
FRIAR — Fifr o
L. RG] 1
(a) HE8L 1: 5 2 T
(b) Y 2: 3 P2 miA A
(c) #E7 3. 1 B 2wzl
(d) #8 4. 0 BrZ WA, RIH %
2. TS e T
o iz ZERD, BRARRENEEHE, FHRUE
o WTE: ZHKRZL, BANEIEP AR, SEOE
3. AR ?
(a) IEMALSES: BRSO HEE [ RO ok (fegidrik:  Hbr om0
(b) 15 BN
BRITHSEER
1. {5 E#EN (Information Criterion)
o WS SRR A i B ASE AR (1) AR e ) AR 1) SR

11



T = median T = median

T(yrep) T(yrep)
| 70) | 76)

2 4 6 2 3 4 5 6
Figure 4: Ll A —, HiNEEAL—

« #H DIC. AIC. BIC. WAIC
2. ZXIHIE (LOO)

o KEARD AT, RIERTUEH DT EEINRE, KRR K TR NI
YRR, LR A TN fE

o WRBIREIIR K By, BN K #1538 IRIE
o WRDM n 1 (n NEEAREIESHO , WHNE—Z XU (Leave-One-Out Cross
Validation, LOO)

3. DIm-Hr A+ (Bayes Factor)
o F2 DUH-SUTER 8 X P AR T R AT (RO ARG 36

4. LOO il WAIC & DIC. AIC. BIC B EAR# ({H2& PART KA TH&E A R 2> N D
2.1 AZNXIUE
Ax#E s HERI A ERRM

BBEAREN v = (1,92, - yn) T ~ f(y]0), KRIDANRN 0 = (01,02,...,0,)" ~7(0), )&
AN p(0ly), JE3 T /A6 R

p(ily) = / £(710)p(6]y)d6

FEHAXMEES (Log Score) BEIREAIFUNEE S (log-pointwise-predictive-density):

ippd = Y lowp(uly) = - g [ £(1110)p(6ly)a0
1=1 =1

12



T =sd T =sd
T(yrcp) T(yrep)

| 70) | 70)

1 2 3 4 5 0 10 20 30 40
Figure 5: /Ll BER —, Al iRl —

MEFS (lppd) BIHE: WEEM A HBEEAR 0°(s =1,2,...,5) J&,

n S
155(1=210g< Z (1:16°) )
i=1 s=1

o NPELAF A HOK, BRI RE ) T
o XTHAR A — B &M FEEM T Kullback-Leibler 15 &

B—3ZXIE (Leave-one-out cross-validation, LOO)

B—RZXIIE (LOO): iR A U R FE FE N AR & 2% B (148 1

elpdloo = Zlogp(yzkufz) — Ploo
HA plyily_;) BaaBIRE « MAEE, BTERN (n—1) NMdE (1dR y_,) FrEE 0 ER B
A, Bl
Pty /f (s:10)p(Oly_,)d6

BYEHANH (Effective number of parameters, pioo): AE3E SIS UE B J5 56 TN 73 A7 5 2 1 0T 4k
5 elpd,, <7, Rl

Dloo = Ippd — elpdloo
LOO {E2/N (Loo information criterion, LOOIC):

LOOIC = _2@100 + 2]5100

13



T = max T = max

 T(y) T(vrep)
| 70) | 70)

4 6 8 10 12 0 50 100
Figure 6: /Ll WA —, i AL~

LOO HitH
5 R AR oo
15 515 Pareto-smoothed importance sampling (PSIS)

e The Pareto k diagnostic estimates how far an individual leave-one-out distribution is from
the full distribution

« WAIC is asymptotically equal to LOO, but PSIS-LOO is more robust
LOO fE R Fl RStan Srnfait-5L?
o WIERBIAH Rstanarm #57, A ULEEZIA loo
o UNHRAEAE RStan 257, NIFERAYRIZH) generated quantities R, 44 H log lik (5 y_rep
—He iR
o HERYLLER:
— lool <- loo(fitl)

— loo__compare(lool, 1002, 1003...)

f5ll: REMFPFEESER (KA Rstanarm)

>fit_n<-stan_glm(y~x,family=gaussian(link="identity"),data=data)
>loo_n <- loo(fit_n)
>print (loo_n)
Computed from 4000 by 10 log-likelihood matrix
Estimate SE

elpd_loo -21.6 5.2
p_loo 5.0 3.6
looic 43.3 10.3

Monte Carlo SE of elpd_loo is NA.
Pareto k diagnostic values:

14



T = min 7 = min

T(yrep) T(vrep)
| 70) | 70)

-5.0 -2.5 0.0 2. -40 -30 -20 -10 0

w

Figure 7: Ll A —, HiNEEAL—

Count Pct. Min. n_eff
(-Inf, 0.5] (good) 7 70.0% 1434
(0.5, 0.71  (ok) 2 20.0% 846
(0.7, 1] (bad) 0 0.0%  <NA>
(1, Inf)  (very bad) 1 10.0% 4

See help('pareto-k-diagnostic') for details.

f5il: REMFEREER (KA RStan)

# Extract pointwise log-likelihood and compute LOO
> log_lik_t<-extract_log_lik(fit_t, merge_chains=FALSE)
# PSIS effective sample sizes
> r_eff <- relative_eff(exp(log_lik_t))
loo_t <- loo(log_lik_t, r_eff = r_eff, cores = 2)
> print(loo_t) # (100% good and 0K)
> loo_compare(loo_n, loo_t) # Ll AN A R
elpd_diff se_diff
model2 0.0 0.0 # BUFHIBIHES 1T
modell -11.3 2.9

fl: LR T B MERER (KA Rstanarm)

modell <- stan_glm(lwage~educ+exper+female+married,

data=wage_data,family=gaussian(link="identity"))
model2 <- update(modell,

formula = lwage ~ educ + exper + female)

model3 <- update(modell, formula = lwage ~ educ + exper)
lool <- loo(modell)
loo2 <- loo(model2)
loo3 <- loo(model3)
loo_compare(lool, loo2, loo3)

elpd_diff se_diff

modell 0.0 0.0
model?2 -0.5 1.7
modeld -111.7 14.5

15



T = skew

T(.VIEP)
| 70)

Figure 8: Ll WA —, i AL~

2.2 EREN
s SEN (AIC)
By = (y1,92, -, 90)" ~ f(y]0),0 = (61,02,...,0,)" ~7(6),
& FE (Deviance):
D(y|0) = —2log f(y|0)

EX 1 (AIC: Akaike Information Criterion).
AIC = D(y|6) + 2p
AP 0K 0 HRAMARET, p AP KA HAIA K
o FIAZTEEN TR N (RARY T A &R,
o AIC A&/, BAIEARST
o BB p MR T F R IET N
REESEN (DIC)
EX 2 (DIC: Deviance Information Criterion).
DIC = D + 2pprc

Lo )
D=Dly |0 )5 0p % 0 WBIHIE (EA)

pprc =D — D: HEEHEANHK, £F D= Ee[D(y|0)] (TA MCMC -F¥+5).

AIC 5 DIC X 5.

16

T = skew

T(yrep)
I 70)



1. AIC & D(y|0) T KLU TE @ HUE, DIC 27 05 UsRIE) HE, Fril—EfefE -
AEAF ALIC 1 DU 5K

2. AIC HEMN ESHA%, DIC LA %S
3. DIC £ WinBUGS HE#fit, AIC fl BIC ZHATIH5.

s 20N (BIC)
E X 3 (BIC:Bayesian Information Criterion).
BIC = D(y|0) + plogn
AP p AR P R ARNNK, n AHARE, BIC &2 D(yld) ERAMARKT 0 BIL.
BIC skbr EIfFAE DI (ARRIRTIG), X AIC R IE:
o IR T 28 p, BEEZHAKRAN n
o XTERMEERLE n M, MESSEIE TR

BAESEN (WAIC)
EX 4 (WAIC: Widely Available Information Criterion).

WAIC = —21ppd + Zpwaic; €Ipdyyaic = PP — Huvaic
£

n S n
lppd = Zlog < Z (i]0° ) » Pwaic = ZVar(log f(il0))
i=1

i=1

n S
. s 1 _
Pwaic = Z‘/;S:1(10gf(yi|9 ), Vili(as) = S_1 Z(as —a)’
s=1

=1
o pwarc AR XA, TUEABAELEN—RES, BLidb,
o WAIC & N et Fik: )& 3TN oA 5 B L a9 3T 3t 4T-F 34
e WAIC it DIC. AIC. BIC % B Air#%

ERENMTE
o MERLLE: H LOO 1 WAIC
o AIC M1 BIC: A2 UM%k, wTRARIA Im(), B AIC(fit), BIC(fit) 45
« DIC: WinBUGS Hzh% i, RStan FFZiHH
o WAIC: 7£ LOO -, waicl <- waic(fitl)
WAIC R b loo_compare(waicl, waic2, waic3...)

17



Bl: REMFEERRERENELIR

waic_n <- waic(fit_n)
log_lik_t<-extract_log_lik(fit_t, merge_chains=FALSE)
waic_t <- waic(log_lik_t, r_eff = r_eff)
loo_compare(waic_n, waic_t) # LLEHAMHTY

elpd_diff se_diff
model2 0.0 0.0
modell -10.4 3.7

f5]: AIC #0 BIC HUitE

Imi<-1m(lwage ~ educ + exper + female + married,

data = wage_data)
Im2<-1m(lwage~educ + exper + female, data = wage_data)
1m3 <-1lm(lwage ~ educ + exper, data = wage_data)
AIC(1m1,1m2,1m3)
BIC(1m1,1m2,1m3)

f5l: AIC 1 BIC BT ELER

model df AIC
Iml 6 1764.002
1m2 5 1765.063
1m3 4 1987.654
model df BIC
Iml 6 1794.835
1m2 5 1790.757
1m3 4 2008.210

18



3 DIRtErRIZIQIS K DIMErEF (Bayes Factor)

3.1 DIMEREIZARLE
RE RIS
SERE B f(2|0) W iid R 21,20, ..., 2, ARITE T(z) KK
H()IHSO,H129>O
Bt & T(x) WWEERN T(x) = T, WMRBKKR p-E R
“+oo
p_mmezpamxpgwwzoy:/ Fr(t0 = 0)dt

T*

Hor fr(t]0) 24t & T(X) 1 pdf k4.
MR G R AL LG Y B EE
L pERETHRXELR “Bik” WEIE X, MR Sbr a3 s
o EERURIEIL: R LACR B MEEE, mAZ Bk KR

2. pHAXEE AR BIRAEIX R (T*, 00) HIF-E, THH SRR B SR AN K] E B
() CAnFEE e 55 KA

o DA, FE IR R A, 06 o0 AT A BRI AR IR H 1 51 0 A

3. pEMISEUET 0 = 0 — 1, HMERHKTEA 6 Mk
4 B KA A KRB TSR 2 5
5. BsessE REMKT o FFUURS (%) bom SRR M A M R0 1
6. ST E2, VU BR S BTG W, R FTH R RIS HOE (R, B
B
TR B %

o VUM EAN K OGES BB, FASHM RS m Ot 7T 2mER
— RT S, ELPRR A AT OB 1 X E il

o XMT Hp:0<0,Hy:0>0, RATFLEFALEFRME PO > 0|z) AT H 4510

e WT Hy:0=0,Hy:0+#0, XESHUTE, IMUAFAGFEE, KN PO =0x)=0
— RIAZAR B R LA 0 f DX TR] Ak v B BT S0 i

o DU 75 VE TR T2 M S AR IR 10 R AR g Bl

o HEBHEN TR TR F

19



3.2 DIMERE-FHIEE S

AL g ol
AR VA 565 i) e T DA YA 45 A2 ) L AL

Hy - Bk AR Mys  Hy - 30k AR M,
HTE: P(y|M;) (M)
Pwmw:——iﬁ;——
Horr
o P(M;ly) £ j (M55 (posterior probability of model j)
o P(y|M;) B j FRAZMAR CEE) K%L (marginal likelihood under model j)
o P(M;) 2R j H)Jeinmi

o ply) DGR R HOR S K T 4

J
= P(M;)P(y|M;)

Jj=0

DI ErEF

EX 5. #AEET M, 890HEEF (Bayes Factor) & X 4 G %M 4 (Posterior Odds) 5 &%
M4 (Prior Odds) Z tb:

P(M|y)/P(Moly)  Posterior Odds
P(M;)/P(My) ~ Prior Odds

R DU R RIM SRS, MR —MEIER %, R

P(Mly) _ P(M;)
P(Moly)  P(Mo)

Bio =

X BlO

DIt F BRI A 50
Pew:

1. DURF3 7 12 A B2 F B B AG 36 [ H fik  — 1y b 35 7 =X
2. DU DR P S T P A SRR R L 26 o A, p-fE R/ INBEAT SR S
3. NFYEEEZ,
o XMARISEMME: Ho: p=po WWEIEEE My:y=po+e,e~N(0,07%)
o SRR

— RVHREMA: M, WIEHTA RS R, My MIBREE o AR &
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— WARVFIEIRER.
* My WEBUNIES, M BETN t-510;
* Moy A logit *%i, M, N probit FEHIZE
T s

L X Sels oA fUse. RIVEAERFEAEOL T, Self /0 A Ja B oA e AT A semid,  (ExT L3 X7
FRESZMAAR K

2. JEIEH S5 (Improper prior) &, Jeile b EE X
DIt EFitE AN
P DU A SO0 B, 453

P(y|My)P(M,) _ P(Mly)
P(y|Mo)P(Mo)  P(Moly)

R, TH-HRR 7
P(y|My)

P(y|Mo)
Hrp P(y|My) NTERA My F y A% EZEE (U5R) R

Big =

P(y|My) = | w(01| M) f(yl0r, My)doy

(00 |My) BRI M, FHISEY pdfs f(yl0y, M) B M, TSRS
o WU Mo :0 =00, My : 0= 0, %5/, T 745 TR L et

5. EEESHA IHETE T

PIRLEUA X 4 ik %ﬁ BRRBEI, 298I 40% NSCRE, BN 60% AN SCHE. B
TERENLIA A 1000 N, 4559F 490 NFEZESCRFAEHM] .

DU R T N

}j(y|ﬂ4i) B (%ﬁﬁg)0490< 91)1000—490

P(y|My) — (209000)9490( — 01000490

Big =

fl: BHESHENIMEET

# compute Bayes factor for John vs. Jones
BF <-
dbinom(
x = 490,
size = 1000,
prob = 0.4 #John's hypothesis
/ dbinom(
x = 490,
size = 1000,
prob = 0.6 #Jones' hypothesis
)
paste("Bayes factor = ", round(bf,3))
[1] "Bayes factor = 3325.257"

# 1 John MIZEIGMEFR N 0.41, W] BF=113215.911!

~
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DIntErE FHI R (Jeffreys, 1961)

log,o(B1o) UMK (Byy) 4% Hy

<0 <1 Negative
0~0.5 1~3.2 Weak
0.5~1 3.2~10 Substantial

1~2 10~100 Strong

>2 >100 Decisive

DIt E FH#IEfRE (Raftery, 1995)

BIC difference VIR (By) P(M.|D)(%) 4t Hy

0-2 1-3 50-75 Weak
2-6 3-20 75-95 Positive
6-10 20-150 95-99 Strong
>10 >150 >99 Very Strong

Raftery(1995): BIC Z Zifh T WIM-H[H 1 BIC; — BIC, ~ —2log Big

3.3 DIMHEEFRIIHE

DIMErE FE# 48 : BayesFactor

ttestBF Bayes factors for one- and two- sample designs

anovaBF Bayes factors comparing many ANOVA models

regressionBF Bayes factors comparing many linear regression models

generalTestBF Bayes factors for all restrictions on a full model (0.9.4+)

ImBF Bayes factors for specific linear models (ANOVA or regression)

correlationBF Bayes factors for linear correlations

proportionBF Bayes factors for tests of single proportions

posterior Sample from the posterior distribution of the numerator of a Bayes factor object

recompute Recompute a Bayes factor or MCMC chain, possibly increasing the precision of the
estimate

compare Compare two models; typically used to compare two models in BayesFactor MCMC
objects
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fl: EERZARZGHIZIR
BEALAHE 10 A, 20 5 BRI P A 22 IR 25
Kl 2 sleep 035 3 MR (AU HHE):

extra numeric, increase in hours of sleep
group factor, drug given

ID factor patient ID

B F 2R R R A 3 2 7

> head(sleep)
extra group ID

1 0.7 11
2 -1.6 1 2
3 -0.2 1 3

5]: Sleep #IEFEZE

plot(extra ~ group, data = sleep)
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Bl FEHRBRERIEEEER
Ho:p=po, Hy : pp # pio

>data(sleep)
>diff = sleep$extral[1:10] - sleep$extral[11:20]
>t.test(diff)
One Sample t-test
data: diffScores
t = -4.0621, df = 9, p-value = 0.002833
alternative hypothesis: true mean is not equal to O
95 percent confidence interval:
-2.4598858 -0.7001142
sample estimates:
mean of x
-1.58

g5 ?

Fl BayesFactor #1TDINHHTEFLELEL
{E,%V% ﬁzfixl,mg, ooy Ty RERE N(u,0?), TERL Ho: p=po, Hi: p # po-
e FRHEL R A
§=H—Ho
o
WA XA, ]
5= M2 — 1

o
Je 8 oA
o 0% H Jeffreys 5%, 0% o2

e & ~ Cauchy(location = 0,scale = 1) (r —HHL 1/v/2, 1, 1 /2)

fl: B ttestBF HE{TRMEANMIGLE
]10 20 = (L lii 20 7é 0

ttestBF (x = diff)
Bayes factor analysis

[1] Alt., r=0.707 : 17.25888 x0%
Against denominator:
Null, mu = 0

Bayes factor type: BFoneSample, JZS
o 45i8: BF=17.26, F/NLLEEE (Strong) MIEHRIELARFMRE (5164 ¢ /45 —30
o WRVUHPR T-5 p-{E 450 T B B 4702

fl: BiEABMNRE
}yb 10 = 0,.f{1 :0<0
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> bf <- ttestBF(x = diff, nulllnterval = c(-Inf, 0))
> bf
Bayes factor analysis

[1] Alt., r=0.707 -Inf<d<0 1 34.41694 207
[2] Alt., r=0.707 !(-Inf<d<0) : 0.1008246 +0.06%
Against denominator:

Null, mu = 0

Bayes factor type: BFoneSample, JZS

G587

Bl: BEAESBMRE
Hy:6< 0,H: 6>0

> bf [1]1/bf [2]
Bayes factor analysis

[1] Alt., r=0.707 -Inf<d<O : 341.3547 x0.06%
Against denominator:
Alternative, r = 0.707106781186548, mu =/= 0 ! (-Inf<d<0)

Bayes factor type: BFoneSample, JZS

. S Hy RS E Hy 1) 341 £%.

3.4 DIMETEFHEEELES: @)IREY

[E])FAE R Y DI E FEE 4
A BayesFactor H1ER#L regressionBF TR A1t BB BTG B A &40 & 1 DU R, A
W BRSO R R ET 0, WAL REETARFEIAN o.
DU AR
y ~ Normal(al + X, 0°1)

FeBomnAi: (a,0?) o 072, B o Normal(0, Ngo? (X/X)_l) , H g ~1G(1/2,7/2), r BUEA
V2/4,1/2, K \2/20

5. THERP BF LR

>bf<-regressionBF (lwage~educ+exper+female+married,
data = wage_data)

>length(bf)

[1] 15
>bf ["educ + exper + female + married"] # JEHR AR UIH-HT AT
Bayes factor analysis
[1] educ + exper + female + married : 3.06372e+105 +0.01%
Against denominator:

Intercept only

Bayes factor type: BFlinearModel, JZS
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Bl: FREEER BF LB

>bf

Bayes factor analysis

[1] educ

[2] exper

[3] female

[4] married

[5] educ + exper

[6] educ + female

[7] educ + married

[8] exper + female

[9] exper + married

[10] female + married

[11] educ + exper + female
[12] educ + exper + married
[13] educ + female + married
[14] exper + female + married

[15] educ + exper + female + married :

Against denominator:
Intercept only

fl: BF {EHIZERT 6 HYHRE

>head (bf)
Bayes factor analysis

[1] educ + exper + female :
[2] educ + exper + female + married :
[3] educ + female + married

[4] educ + female

[5] exper + female

[6] exper + female + married

Against denominator:
Intercept only

Bayes factor type: BFlinearModel, JZS

O NwWwe=

: 4.783669e+18
1 3.333343e+25
: 2.841551e+56

137980603775

. 6.
7.76965e+80
3.964887e+32
4.625953e+69

: 1.214065e+30

: 1.
1
1
3
9
3

.0
.0
.8
.7
.6
.5

8911e+58

37707e+57

.001935e+10
.532133e+64
.887306e+82
.536846e+68
.06372e+105

01935e+106
6372e+105
87306e+82
6965e+80
25953e+69
36846e+68

fl: HEAT 6 MIEELS BF RAEBEALLR

>which.max (bf)

educ + exper + female 11
>bf2 = head(bf) / max(bf)
>bf2

Bayes factor analysis

[1] educ + exper + female :
[2] educ + exper + female + married :
[3] educ + female + married

[4] educ + female

[5] exper + female
[6] exper + female + married
Against denominator:

lwage ~ educ + exper + female

17019e-37
18428e-38

. ME@RFELTEN BF f9EE (ER)

>plot (bf)

2

+0%
+0%
+0%
+0%
+0%
+0%
+0.01%
+0%
+0.01%
+0%

6 +0%
+0.01%
+0%
£0.01%
+0.01%

+0%
+0.01%
+0%
+0%
£0%
+0.01%

+0%
+0.01Y%
+0%
+0%
+0%
+0.01%
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BF change when omitted from
lwage ~ educ + exper + female + married

educ

exper

female

married

LIS O I O O I A
NHONON-OLOTOIN—HO NN OLO TN —HO NN OO TOIN—HONOMNOLNOOOO—HO
SESFSFoNenNe 100000000 —
B 0 e P S e o]
VOVVVD QO QD QO O OLOAS

Siggddddddaadadddddddddagggdddddddaaagadas

f5: A 1mBF() itEiEEEE M BF

best <- 1lmBF(lwage ~ educ + exper + female,
data = wage_data)
best
Bayes factor analysis
[1] educ + exper + female : 1.001935e+106 +0%
Against denominator:
Intercept only

Bayes factor type: BFlinearModel, JZS

fl: B ImBF() #EEERIAFHER

>chains = posterior(best, iterations = 10000)

>summary (chains)

Iterations = 1:10000

Thinning interval = 1

Number of chains =1

Sample size per chain = 10000

1. Empirical mean and standard deviation for each variable,
plus standard error of the mean:

Mean SD Naive SE Time-series SE
mu 1.65875 0.013836 1.384e-04 1.384e-04
educ 0.07231 0.005300 5.300e-05 5.300e-05
exper 0.01356 0.001208 1.208e-05 1.208e-05
female -0.46329 0.030237 3.024e-04 3.042e-04
sig2 0.23699 0.009549 9.549e-05 9.408e-05
g 0.32573 0.919790 9.198e-03 9.198e-03
2. Quantiles for each variable:

2.5% 25% 50% 75% 97.5%
mu 1.63146 1.64946 1.65880 1.66826 1.68568
educ 0.06182 0.06880 0.07235 0.07587 0.08268
exper 0.01117 0.01274 0.01356 0.01437 0.01590
female -0.52205 -0.48361 -0.46333 -0.44297 -0.40375
sig2 0.21899 0.23038 0.23669 0.24319 0.25639
g 0.05483 0.11658 0.18708 0.32886 1.41079
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RENG
WA E (Model Checking)

o HEVBURE
o FGIR TN AT HEATBRUAS A (Posterior Predictive Checking, PPC)
« i Bayesplot #47 PPC it 5 AR
HEAIELES (Model Comparison)
L TR EAE: A loo
2. BT BN

« AIC. BIC: @it Im() i) AIC(). BIC() 5
o DIC. WAIC: it loo 1 waic() 1%

3. DU 4 K DL 47 B

o DUMHIETRFIOMER . D0 SRR
o DIM-HTRHFRITHE: BT H4- BayesFactor
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