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o A} 525
1 DIHHEER B
WinBUGS/OpenBUGS
o BUGS: Bayesian inference Using Gibbs Sampling
« WinBUGS: #&f (1997), #HE
— {E3# :Spiegelhalter, Thomas,Best,Lunn, MRC Biostatistics Unit & Imperial College School
of Medicine, London
— M%k: http://www.mrc-bsu.cam.ac.uk/bugs/winbugs/
— F5: EAZZET I Pascal, Windows “F&, AFFER (B 0 %A
— 2007 )5 BH 4E
— W{E R Hi217: R2WinBUGS
e OpenBUGS

— {E#: Andrew Thomas, University of Helsinki

— Muh: http://www.openbugs.info/w/

— FiRi: TPV, 2 Pascal, 5 WinBUGS Z5IAK
— A4, WYRE, ATUECEREL S AR

JAGS
o JAGS: Just Another Gibbs Sampler, 7 7£ Unix Lizf7 WinBUGS Tfif=4E

— {E3#: Martyn Plummer (2003), International Agency for Research on Cancer
— M3%k: http://calvin.iarc.fr/~martyn/software/jags/

— R

— WJ{E R H1i21T: R2jags

Stan
o Stan #FRLEFERRPJIK Stanislaw Ulam (1909-1984)
— {E3#: Stan Development Team (2016) . Stan Modeling Language Users Guide and
Reference Manual, Version 2.14.0.

— Mk www.me-stan.org

— &k 2T Hamiltonian Monte Carlo (HMC) #liFf (3 MCMC), " No U-Turn Sampler
(NUTS)

— JEE TS IO R RO R B, Il

— AT DLTH 5SS 50 B pR O B log f(0)2)

— i R, C++, BEE, XE R SORHHE £ A R

— W[{fE R H1i217: RStan

— T RENHZMA, WPAYE R+ Python. Matlab &3 FiE1T



2 WinBUGS =H

5 1: REMFEQM
Hig: MFREEEE x (D) ke y One /8 K.

1 2 3 4 ) 6 7 8 9 10

y 340 3.80 9.10 220 260 290 200 270 190 3.40
x 550 590 6.50 3.30 3.60 4.60 290 3.60 3.10 4.90

LR
yiza—l—ﬁxi—l—ai,(i:l,l...,n)

RRRUAR 8L

LoZMErE: y 5 o REAMERR

2. IE&ME: ¢, ~ N(0,0?)

3. MOLE: e, e9,...,8, MHEIAL
4. FTEFE JA e BT EMEA
[fragile] MR (f£50)

> y=c(3.4,3.8,9.1,2.2,2.6,2.9,2.0,2.
> x=c(5.5,5.9,6.5,3.3,3.6,4.6,2.9,3.
> summary (Im(y~x))

7,1.9,3.4)
6,3.1,4.9)

call:
Tm(formula = y ~ x)
Residuals:

Min 10 Median 3Q Max
-1.5707 -0.7470 0.2031 0.3060 2.9463
Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -2.3294 1.6231 -1.435 0.18916
X 1.3051 0.3565 3.661 0.00639 *=
Signif. icodes:: @ “¥EEY 0001, YFEEY 0501 Y DIes TN i0LTE M

Residual standard error: 1.362 on 8 degrees of freedom
Multiple R-squared: 0.6262, Adjusted R-squared: 0.5795
F-statistic: 13.4 on 1 and 8 DF, p-value: 0.006391
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2.1 &3 BUGS =38!

NHEHFEE R EN BUGS RES
DU (TEfE B S -

yi ~ N(a + fz;,0°)
o ~ N(0,1000)

B ~ N(0,1000)

o? ~ IG(1000,1000)

BUGS {75

model{
for(i in 1:n ){
y[i] ~dnorm(mu[i], tau)
#tau A, T EREED
mu[i]<-alpha+beta*x[i]
}
alpha~dnorm(0,0.001)#must be proper
beta~dnorm(0,0.001)
tau~dgamma (0.001,0.001)#Is Gamma!
sigma<-1/sqrt (tau)
}

SeEf) BUGS £15

modeld{

for(i in 1:n ){
y[i] ~dnorm(mul[i], tau)
mul[i]<-alpha+beta*x[i]
}

alpha~dflat ()

beta~dflat ()

tau~dgamma (0.001,0.001)

sigma<-1/sqrt (tau)

¥
#data
list(n=10,y=c(3.4,3.8,9.1,2.2,2.6,2.9,2.0,2.7,1.9,3.4)
x=c(5.5,5.9,6.5,3.3,3.6,4.6,2.9,3.6,3.1,4.9))

#initial wvalues,

list (tau=5,alpha=4,beta=1.9) #GLS-2sd
list(tau=0.74,alpha=-2.3294,beta=1.3051) #GLS
list(tau=3,alpha=0.91,beta=3.32) #GLS+2sd

2.2 YHiIFMIEIT WinBUGS

WinBUGS #2E£5%
2% WinBUGS B4 Ja, #HIBUHBE4T decode.

1. ¥EREA (Model > Secification > check model)
2. HAHHE (load data)



3. mPFEARY (compile model)
. BAWIEE (load initial values)
. P24 burn-in A (Model > Update)

- AMBUR R AT EEA (Model > Update)
CAHTFEAE R (Inference> Summary) (node:*, RRFIEZSHD

4
)
6. HEERHEZH (Inference > Samples)
7
8
9. K& MCMC A Rk A

BITER
Burn-in 1000, #£% 1000,3 %& Chains 3£ 3000
0 ===
meﬁan sd MC_error val2.5pc median val97.5pc start sample ~
alpha -2.083 1.911 01406  -5813 -2.138 2133 1001 3000
beta 12583 0.4189 0.03083 03427 1.264 2076 1001 3000
sigma 1.504 0.4359 0.01382 09193 1.422 2536 1001 3000

ZEHRR A 5E? MCMC 2 5kesh?

2.3 % MCMC BB RIS

MCMC HBM 4 (Efficiency)
o MCMC PEAKIFS) {0O VN | MR, ARSI
o WIRFHIE iid K, WERIBMEK T 2N

o2
Var(0) = Var[% Z G(i)] =~ (0% = Var(h)).

o WMRFHIAR iid K, WRKHMERTTZN

o
Var(0) = Var[— Za“ ~_ xIF, IF = (1 + 2Zpk> ,
k=1

Hrh p = Corr(09),00+R)) JEHEIG & I E AR REL
o IF FRNIEMZEEF (Inefficiency Factor)

o BYHASFE (Effective Sample Size): ESS = N/IF (F/x MCMC FEARLTIE HFRE, N
> MCMC #HEAM YT ESS A iid AR, WIRAFENEMER, IF fJL/ME D



MCMC B (Convergence)
MCMC WS rEF . — i A B IR AR S A S, A REE B k.

1. Trace B¢ History: A #a#H; &8 (ZMWIGHE) E2HES
WIBREHERE: S8 THEs S THER £20

2. JRS AN R R
3. BAMIRE: A EMR

4. BGR K: Brooks-Gelman-Rubin I KN
BGR= (Pooled CI)/(Average CI), Wl BGR=1

5. R-hat: #iklH 1, T 1 Rk
6. n.eff: HRUFEARE (effective sample size), —# ESS=1000.

¥ Trace/History

alpha
-80.0 -60.0 -40.0

beta
20.030.040.0

aIBha
-80.040.00.0

¥|#7 Trace/History: Two Chains



alpha0 chains 1:2

teration

alpha0 chains 1:2

e

25
0.0 VLY VAR S NP S S R
25

2

101 200 400

teration

Trace

alpha Fl beta =28 A E A
18 Dynamic trace

a8

21 =
m = o
o % =]
=1 o
a o
o o
- T T T ‘T T T T
1850 1900 1950 1850 1900 1950
iteration iteration
o T
E
{=]
m
[
o T T T
1850 1500 1950
P W
Density
#: Posterior density [=[E][=]
alpha sample: 3000 beta sample: 3000 "
w [ = |
=
gef 2
= | |
al af
= T T T T T = T T T T T
-10.0 5.0 0.0 5.0 -1.0 0.0 1.0 20 3.0
alpha beta
sigma sample: 3000
=
Eaf
-
= }
ol
o T T T T T
0.0 20 4.0 6.0 8.0
sigma
v




BHEX

alpha fl beta fA7EHIE HAHIE, (H sigma ANFELEH MK

'-'ﬁ’_ﬂ Auto-correlation EI@
c alpha c beta ~
{=} o
E -I e ﬁ i ‘ =
g2t i|i|" = T p— 52t |Ii|| N —
=of 20
T - 8t
' T T T '’ T T T
0 50 0 50
lag lag
- sigma
& 2
ﬁ L
e B
a F
o
[ -
1] 50
lag
]
BGR: alpha #ll beta 5 1 &S
8: bgr diagnostic E=R[EeR ==
o alpha chains 1: 3 o beta chains 1: 3 "
m w
o [ [=] [
Sol T . Gaol T -
g2 :}—q: g2 }c—c
= =l
= =
E-ir=1 o o)
= T T T = T T T
1051 1200 1400 1051 1200 1400
start-iteration start-iteration
o sigma chains 1: 3
|
o
5ol
"= T T e
=
Eor
a0
‘j -I T T
1051 1200 1400
start-teration
]
FEBEX: WitsE
1. % thin BfE: K kAN
2. BAREH O
thin=10:
:8: Node statistics EI@
mean sd MC_error val2.5pc  median  val97.5pc start sample "
alpha -2.361 1.897 0.05555 -6.184 -2.35 1.332 1001 3000
beta 131 04138 00122 05014 1.306 215 1001 3000
sigma 1.509 0.4435 0.008473 0.9107 1.423 2.659 1001 3000 v

10



[= = =]
meﬁan sd MC_error val2.5pc  median  val97.5pc start sample "
alpha -2.093 1911 01406  -5813 -2.138 2133 1001 3000
beta 1.253 0.4189 003083 03427 1.264 2.076 1001 3000
sigma 1.504 0.4359 001382 09193 1.422 2536 1001 3000
Trace: thin=10
% Dynamic trace (=8 ws)
A
o} - i Q [
L Jo]
#op Eof
o a
or L
a T T T v T T T
1850 1500 1850 1850 1800 1850
iteration teration
m 2 [
E
i=]
m S
o
o T T T
1850 1500 1950
iteration
v
B#E%: thin=10
= alpha - beta "
o o
B E-k B 2r
E g S PR ST E g S R S
=] o a L
s5a ==
o @ —r
'’ T T T '’ T T
0 50 0 50
lag lag
- sigma
o
%o
toll
3 g. T L Ry
a b
S a
-
o 50
lag
W
AY
TEFuME
model{
for(i in 1:n ){
y[il~dnorm(mulil,tau) #tau R M E , T2 F £ !

mulil<-alpha+beta*(x[il-mean(x[]))

}

11



alpha~dnorm( 0.0,0.01)
beta~dnorm( 0.0,0.01)
tau~dgamma (0.1,0.1)
sigma<-1/sqrt (tau)

}
#data
list(n=10,y=c(3.4,3.8,9.1,2.2,2.6,2.9,2.0,2.7,1.9,3.4),
x=c(5.5,5.9,6.5,3.3,3.6,4.6,2.9,3.6,3.1,4.9))

# initial values (chain 1)
list(tau=1,alpha=0,beta=1)
#chain 2

list (tau=1,alpha=1,beta=1.5)

Trace: BEEH LML
:;_3 Dynamic trace

alpha
beta
1010 30

00

T T T T T T
1850 1500 1950 1850 1800 1950
iteration teration

sigma

ol
o

T T T
1850 1500 1950
iteration

SR AT
0 Auto-correlation EIIEI

- alpha - beta ~
=] =]
52 l ==l
o r o r
=l =l
b T T e T T
0 50 0 50
lag lag
- sigma
-]
=l
Al
] g (I R e T A
a F
32
[ -
1 T T T
0 50
lag
w

12



2.4 7 R HPiHH WinBUGS

£ R HiAH WinBUGS B53%
A R2WinBUGS

library(R2WinBUGS)

1. £ R PHELEHEAYME: list #%30

2. M R2WinBUGS: output<-bugs(¥#fi, ¥, 4, #FH, HFAHE)
it 45 R print(output)

5 REEE7R: plot(output)

MCMC A #PE: n.eff, Rhat

MCMC W8 tt:

o output.meme<-as.mcme.list(output) (G NZ5EREH)
o autocorr.plot(output.memc) H AR
o traceplot(output.memc) (Z2%5 KiEEHES)

7. A E A

(a) library(lattice): xyplot(output.mecmc)

A A

(b) library(mcmcplots): traplot(output.memc); denplot(output.memc)

£ R $iAH R2WinBUGS XS

#Load the data
n<-10
y<-c(3.4,3.8,9.
x<-c(5.5,5.9,6.
#Call WinBUGS:
library (R2WinBUGS)
data<-list( s s )
parameters<-list( , , )
# inits
inits1<-list(tau=5,alpha=4,beta=1.9)
inits2<-1list(tau=0.74,alpha=-2.33,beta=1.31)
inits3<-list(tau=3,alpha=0.91,beta=3.32)
inits<-list(initsl,inits2,inits3)
# Call model
output<-bugs(data,inits,parameters,n.chains=3,n.iter=2000,
n.burnin=1000,n.thin=1,
model.file=
bugs.directory= )
#E A AT BT WinBUGS T £ 69 L & 1 1 !

1,2.2,2.6,2.
5,3.3,3.6,4.

13



RBIZER
= print{output)
Inference for Bugs model at "F:\Baiduvun\Teaching‘Rdata‘\Regmodel.txt”, fit using winBuGs,
3 chains, each with 2000 iterations (first 1000 discarded)
n.sims = 3000 diterations saved

mean sd 2.5% 25% 50% 75% 97.5% Rhat n.eff
alpha -2.3 1.9 -6.23 -23.4 -2.3 -1.2 1.3 1 32000
beta 1.3 0.4 0.5 1.0 1.3 1.8 2.1 1 32000
sigma 1.5 0.4 0.9 1.2 1.4 1.7 2.5 1 1700
deviance 35.8 2.8 32.6 33.8 35.1 37.2 43.2 1 as0

For each parameter, n.eff is a crude measure of effective sample size,
and rhat is the potential scale reduction factor (at conwvergence, Rhat=1).

pIC info (using the rule, pD = Dbar-phat)

pD = 3.3 and DIC = 39.1

DIC is an estimate of expected predictive error (lower deviance is better).
= |

BB RER: plot(output)

Bugs model at "F:\BaiduYun\Teaching\Rdata\Regmodel.b«t", fit using WinBUGS, 3 chains, each with 2000 iterations (first 1000 discarded)

80% interval fnur each chain R-hat medians and 80% intervals

1 15 2%
alpha —— .
bia — .
sigma — R
-5 0 5 1 15 2+ o 4
alpha 2 A |
4 o
& 4
15 o
beta
. 4
05 -

sigma ‘

40 7
deviance 35 ‘

BHHx#|#7: autocorr.plot(output.mcmc)

14



alpha beta

= L
5§ w | s w |
2 o | [ e e ' 2 o | [ ' o .
s o 5 o
2 8
=2 2
S = = _
Ed X

A T T T T - T T T T

0 5 10 15 20 0 5 10 15 20
Lag Lag
deviance sigma

o o
5 w s w |
B o 1 T o
£ 2 Vo e R = e
2 5
£ 2
5 - 5 _
ke <

[=I <

‘T T T T T T o T T T T T

0 5 10 15 20 0 5 10 15 20
Lag Lag

8 : traceplot(output.mcmc)

Trace of alpha

5
|

-10

1000 1200 1400 1600 1800 2000

lterations

EARHEFE lattice: xyplot()

library(lattice)
xyplot (output.mcmc, layout=c(2,2), aspect="fill")

15



1000 1200 1400 1800 1800 2000
I I I I

I
deviance sigma

beta
T T T T T T T T T T T T
1000 1200 1400 100 1200 2000
Iteration number
Y= Fr
ERMHE memceplots: traplot()
alpha beta
o]
o- |
9-
o_
| | | U 1 | ' | | | | U U
1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000
deviance sigma
8- =]
Q_
g,
o . Iy P
&8 ) S
|
1 | | 1 1 1 | | | | 1 U
1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000

ERAMHE memceplots: denplot()
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alpha beta

10

o
&
[=1
w_
o (=]
= =)
o
o
s =
o
w
o — o
o o
S- o]
o | 1 | 1 | ° 1 | 1 | 1 1
10 5 0 5 10 -1 0 1 2 3 4
deviance o sigma
o -
-
=}
=_
w
e w
(=] o
(=1 w_
—_] (=]
o
= _
e o
=
o ™~
(=]
g_ o
= | I I I ° I I I I
35 40 45 50 1 2 3 4

2.5 HERFRRMSE: ESOHHT ZIEE -9

[fragile] Qfr A FEARL (1) 573 0?7
o FEUURHGIAE AL R, ARCRATE S B AR, AR R BORZE Al 5 A G MERRE R 45 R — 5
o FERXANERYERRG) 7, 5 3 MR R AR R %R R T AR ?

— G5k MBR, BUER AT
— DU BOfEEL, RRVFIRET A R EE, LIRS RESCVK RN .

RE: ERIRERA t(2) 97

model{

for(i in 1:n ){
y[il~dt (mulil,tau,2)
mu[i]<-alpha+beta*x[i]
}

alpha~dflat ()

beta~dflat ()

tau~dgamma (0.001,0.001)

sigma<-1/sqrt (tau)

}

FROEERS t(2) 27

17



S
o —— Normal
— (2
@ _|
o
>
® N |
g o
©
—
g
Q
° T T T T T T T
-6 -4 -2 0 2 4 6

R, BEANRYETLEEEYM
> print{output,digits=3)
Inference for Bugs model at "F:\BaiduYun‘Teaching‘Rdata‘\Regmodel.txt", fit using WinBuGS,
3 chains, each with 20000 iterations (first 2000 discarded), n.thin = 35
n.sims = 10800 iterations saved
mean sd 2.5% 25% 50% 75% 97.5% Rhat n.eff

alpha 0.284 0.404 -0.526 0.063 0.282 0.506 1.090 1.001 7700
beta 0.598 0.095 0.417 0.545 0.595 0.647 0.797 1.001 9200
sigma 0.235 0.113 0.101 0.161 0.210 0.277 0.507 1.001 B200
deviance 16.449 3,133 12.900 14.150 15.620 17.880 24.640 1.001 11000

For each parameter, n.eff is a crude measure of effective sample size,
and Rhat is the potential scale reduction factor (at convergence, Rhat=1).

DIC info (using the rule, pD = Dbar-phat)
pb = 3.7 and DIC = 20.2
DIC is an estimate of expected predictive error (lower deviance is better).

BmE: DT t-RiEE

18



3.0 35 4.0 45 5.0 55 6.0 6.5

3 RStan =H
3.1 48
Why Stan?

o BEJI3E: Stan REfRREREN, ec.g.

— Multilevel generalized linear models

Interacted predictors at multiple levels

Nonconjugate coeffcient priors

Latent effects etc

o JRER: Stan stands for No-U-Turn sampler, a variant of Hamiltonian Monte Carlo (HMC),
AU R TIZ S, HT C 8 C++, THREM P U AR 18 g B (R RS O

o INEED: Stan Bk J B&LEBIMFHITAIIRESL, IERETH SR 56 5 5 B A IO R LRI (—
prHo, RN A H

o SEET: Stan FR 7 DU, S RT DL TR SO0 A 1)
o R TEYR:
— https://mec-stan.org/users/documentation/

— https://github.com/stan-dev/stan/wiki/Prior-Choice-Recommendations

19



RStan KZEMAES
o RStan M43
— https://github.com/stan-dev/rstan/wiki/RStan-Getting-Started
o iH
— library("rstan”) # observe startup messages
ik Windows £ Z# CPU HWAF 24, mTLADHTIES, ez
— options(mc.cores = parallel::detectCores())
B R RS, BRAFE B, & NE R ER s i

— rstan_ options(auto_write = TRUE)

)

P

L[]
>

iZH RStan B—RRTE
1. AHER—A Stan BEARLACRE SO
2. MR — M ABIERIS15%
3. a3 oA A B A ;
4. K8 Ty /R ] KR AU S 5
5. FeTFJE I AT HIREASHEAT DL A i o

3.2 EMDIMEMRAIFD Stan X5

J\BHBIF: SERAER

SIS TN 57 0t SAT-V BRI (effects), % \ASh2ze H T 3 B BEALIL IR .
AR GROR I ATy FFRAER o IR 2, RIBL L — N2 2T (meta analysis) AL,
KN GRITEHEAT 5 B P

R () BN (7)) WAER (o))

A 28 15
B 8 10
C -3 16
D 7 11
E -1 9
F 1 11
G 18 10
H 12 18

20



B Eaa gty
L)\ 2ER RN T 2 I RO R AR 3 22 7 2
o AG BURELF CKT 18), C. E AR, HEHE K.
o IEHAND?
o HF 95% BAFXIH
o RV 04~ N(28,15), N PO > 28ly) = 0.5, 45iLnlkE
2. WA Al Z N Gr 5 IR AE )\ TA) 22 R R AR R R 2

o BN\ ZERCR MR — IR T7 %, B ARl VEAEIIZRABCR v KRB A — A IEA S
N(ua02)°
o HRHNG?

8
1/02
Blly) =S 2% _ 77
; 25:1 1/‘7]2‘
« P(04—0c <O0y)=05
J\RAERL: DIMERE R T o4
U iy Eith

yjNNorma|(9j7aj), jZl,...,S
0; ~ Normal(p,7), j=1,...,8
p(p,7) < 1,

Hrb oy GRIRRCRAGTHE y; BIFRHEZRD AR,
R AR

o SRSy K0 CERURD, HIER MR,
yj =6 +e5,6; ~ N(0,05)
o MR 0, X p CRFIIRD, R MER.
0j = p+71n5,m; ~ N(0,1)

o w N 0; EME, T8 0; WtsiEE, ENESE 60; MSHL HI (u, ) BOVEZSE (Hyper

parameter).

21



F—$: EEZ— Stan REEKREH
—A Stan BERARS SO F A S I B OBF ARERS):

1. functions, where we define functions to be used in the blocks below.

2.
3.
4.

data, declares the data to be used for the model
transformed data, makes transformations of the data passed in above

parameters, defines the unknowns to be estimated, including any restrictions on their values.

. transformed parameters, often it is preferable to work with transformations of the parameters

and data declared above; in this case we define them here.

. model, the log probability function is defined.

generated quantities, generates a range of outputs from the model (posterior predictions,
forecasts, values of loss functions, etc.).

J\FEEIRY Stan {XAZHIRY

1.

data: 8 U1 556 70 A7 A N 2B 2R (interger,real vector,array )« Yo #FK——
HIH .
o J: SEREL I
(Y1y--syg)s SFRBVHRAMHE, A&
(01,...,07), FERMBCRAGTHE bR, FE, ESE

. parameters: fHEMMLESHE, KB 0, WAIRENSE, BFOVE 2R, eI T4

HEH, Hits T2 H.
o BN ps ARUEZE T
o PRHERLIIARNL: (1, ..o, m0) o

. transformed parameters: FRUIRBMSE, ULBHELR. LFEZBRMSE 0, THAAEIXE,

AT DL A B RO
. (91,...,9J); ej:M+T77j

model: 8 E MR A5 BALSR BR AL B, VERE: 7E Stan UG N(u,0) F, HHRR
WE (R RE BRI TTZ, T WinBUGS 45 R D!

o NTIREME, HHS BRI ERASGL, mAHESRES)
« 15 ~ Normal(n|0,1); y; ~ Normal(y|6;,0;)

22



J\BAZEIE) Stan #REKAD

//Save as shools.stan

data {
int<lower=0> J; // number of schools
real y[J]; // estimated treatment effects
real<lower=0> sigmal[J]; // s.e. of effect estimates
}
parameters {
real mu;

real<lower=0> tau;
vector[J] eta;
}
transformed parameters {
vector[J] theta;
theta = mu + tau * eta;

}
model {
eta ~ normal(0, 1); # diff with 'dnorm'
y ~ normal(theta, sigma);
}

PRI — R ORAF 9 — A rstan SCF
RJa AT AR AT, ARRESEMTR, BT
Stan AR KE (BEHRG. HIFIZHES), 5 R A BUGS fFEH7D 25

R A RS 0 % L B, model BEHRTTLUE BANTR: “target” FRon H AR EE, pdf”
stands for "log probability density function”:

model {
target += normal_lpdf(eta | 0, 1);
target += normal_lpdf(y | theta, sigma);
}

3.3 /& Stan BIEIANEIE

FH: EEIEIRIIR
Stan FIEHEAE AL IR Qist), WTRIRES TR, RS @SBRI

schools_data <- list(J = 8,
y =c(28, 8, -3, 7, -1, 1, 18, 12),
sigma = c(15, 10, 16, 11, 9, 11, 10, 18))
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3.4 [NF Stan MEID % i EHEAR

F=%: NEESHhIMEEEAR
FT A 25 RAFAETE rstan [ stanfit X5,

library(rstan)
fit <- stan(
file = "schools.stan",#Stan program
data = schools_data, #named list of data
chains = 4, #number of Markov chains
warmup = 1000, #number of warmup iterations per chain
iter = 2000, #total number of iterations per chain
cores = 2, #number of cores
refresh = 0 #no progress shown
)

3.5 REILER K AU

BIUE: K MCMC WHIERAHLER
25 e BRI H R 1

o JH print() 4 S AT B 2 Hfil it 4
o JH plot() Zth 4RI ETE
— plot(fit)

* plot(fit, show_density = TRUE, ci_level = 0.5, fill_color = "purple”)

(
* plot(fit, plotfun = “hist”, pars = "theta”, include = FALSE)
(
(

* plot(fit, plotfun = "trace”, pars = ¢("mu”, "tau”), inc_ warmup = TRUE)
* plot(fit, plotfun = "rhat”) + ggtitle("Example of adding title to plot”)

o H traceplot() HIMr 2 s&EERIWSME (REES)
o H pairs() 45 23000 A0 BT AR B2 R BOS B4 S

Rstan FF ggplot2 {E&

stan__plot Posterior intervals and point estimates

stan__trace Traceplots

stan__hist Histograms

stan__dens Kernel density estimates

stan__scat Scatterplots

stan__diag Diagnostics for Hamiltonian Monte Carlo and the No-U-Turn Sampler

stan__rhat Rhat

24



stan__ess Ratio of effective sample size to total posterior sample size
stan__mcse Ratio of Monte Carlo standard error to posterior standard deviation

stan__ac Autocorrelation

HERHGE

1. shinystan: 4ffi g5 F A MCMC {58, HEANLZH

2. bayesplot %5 HiFET ggplot i1 MCMC £ Wi, J5 567047 45 5 b A6 7 K
rstanarm Al brms %5 H EABEA CEEET SUEVAREAD 1) stan S5
loo FHFHIAYLL 4L

tidybayes: Tidy Data and ’Geoms’ for Bayesian Models

oo W

Stan AHAIEKRLER: print(fit)

print(fit, pars=c("theta", "mu", "tau", "lp__"),
probs=c(.1,.5,.9))

Inference for stan model: schools.
4 chains, each with iter=2000; warmup=1000; thin=1;
post-warmup draws per chain=1000, total post-warmup draws=4000.

(%]

9 n_eff Rhat
3071
4816
3257
4637
4243
3747
3621
2917
1731
1213
1297

mean se_mean sd 10%
theta[l] 11. 0.15 8.53 .31
theta[2] 7 .34 .19
theta[3] 7 .67
theta[4] .42
theta[5] .28
theta[6] .03
theta[7] .68
theta[8] .23
mu .71
tau . . 1.03
Tp__ -39. .67 -43.17

=

MUY G~ Gy 0O
=

DUINO OV~ G O
FRRERRRPRRERRPRRRRE

0.
0.
0..
0.:
0.
0..
0.:
0.
0..
0.

1
w

samples were drawn using NUTS(diag_e) at Mon Mar 11 10:32:02 2019.

For each parameter, n_eff is a crude measure of effective sample size,
and Rhat is the potential scale reduction factor on split chains (at
convergence, Rhat=1).

Hrp “lp_ 7 BJRY oA m BER 8 AEFRMED

Stan Z5RAIXE]: plot(fit)
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mu 1 ®
tau 1 — @
eta[1] 1 — e ——
eta[2] 1 — e ——
eta[3] 1 ———
etaf4] 1 —en——
eta[5] 1 ———
eta[6] 1 ———
etaf7] 1 — e
eta[8] 1 ———
0 5 10 15 20

SHNRRTEERHR 95% AIEXIE

plot(fit, show_density = TRUE, ci_level

fill_color = "skyblue")

0.95,

——/’_\
mu A 1
tau A n
ST PPN
eta[2] . A
R PPN
S BN
eta[5] 4 &
cag]] LN
AN
eta[7] 1 7\.—
eta[8] - =

MCMC Wttt : traceplot(fit)

10

26
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traceplot(fit, pars = c("mu", "tau"),
inc_warmup = TRUE, nrow = 2)

mu

301
201
101

_10-

0 500 1000 1500 2000

tau

401

201

0 500 1000 1500 2000

pairs(fit)

pairs(fitl, pars=c("mu", "tau", "lp__"))

0 10 20 30 40 50
1 1 1 1

1 1
- -
50 1 tau
40
30
20 e
g J
0 - i
Ip -
T T T T T
-10 O 10 20 30 -50 -45 -40 -35

chain
— 1
— 2
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Shinystan

library("shinystan")
launch_shinystan(fit)

] introducing shinyStan B X | © shinystanpdf - B D shinystan x P B

< * ORD®ys =@

NUTS(plots)  HMC/NUTS (stats) R, mez7,Semean ~ Autocorrelation  PPcheck

All chains Parameter Transformation

L
By model parameter

Parameter: a

Log Posterior

n @ EEEOAGERRINE o |

4 ¥ (Change Point) AN DR &

4.1 %= (Change Point) 28!

5] 2: EEEMETET ARSI
FH (EH) October 2001 % January 2007 LR & T H JET A% (BaM: data(afghan.deaths))
SR, PSP BRI W AR T A SR

3 5 4 10 12 14 9 1 3 0
3 1 6 1 8 4 7 12 2 2
7T 2 4 2 6 8 1 11 2 3
3 9 5 2 3 4 8 7 1 3
2 6 19 4 29 2 33 12 10 7
4 0

EFEEMETRETAL

28



20

0 5 10
l

Index

¥ (Change Point) [a)f#
RS : BEIBIEA 2 I (o i B8 T o SR ) 2
W Dy FoRHE t DPHRTAS (t=1,...,n), W

o FHIEGR: Dy, Ds,... DylA ~ Pois(\)
o JEMAEE: Dyy1, Dito, ..., Dyld ~ Pois(¢)
o TEETHARA AT IIE X, ¢ M4 5 (change point) k

4.2 HERSERR WinBUGS N A

DUt Hrig R —
D(t) ~ Poisson(u(t)),t )
log (1) = by +3(1 — k)b
Horp

S oA

by ~ N(0,1E — 6)
by ~ N(0,1E — 6)

k ~ uniform(1,n)

SR N = exp(b), ¢ = exp(by + ba)

29



F—H: EI—1 BUGS RERXH

// Save as ch6_cp_model.bug
modelq{
for(year in 1 : N){
D[year] ~ dpois(mulyear])
log(mu[year])<-b[1]+step(year-changeyear) *b[2]
}
for (j in 1:2) {b[j] ~ dnorm(0.0,1.0E-6)}
changeyear ~ dunif(1,N) #is continuous Unif
lambda <- exp(b[1])
phi <- exp(b[1]+b[2])

B8 ERBIEIIR

# ERHE

library("BaM")
data(afghan.deaths)

D <- afghan.deaths

N <- length(D)

# HERHHESIR (WinBUGS H KU
data = list("N","D")

# MEFHIIGTE

inits = function() {list(b = c(0,0),changeyear = 40)}
# FEUIRR 2L

parameters <- c("changeyear","b")

=4 E1T WinBUGS #{T MCMC 3ttt

output <- bugs(
data,
inits,
parameters,
model.file = "ch6_cp_model.bug",
n.chains = 4,
n.iter = 10000,
n.burnin = 2000,
n.thin = 5,
bugs.directory = "C:\\WinBUGS14\\"

FEIP: KIW MCMC WM RHBHLER
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print(output, digits = 3)

Inference for Bugs model at "ch6é_cp model.bug”,

4 chains, each with 10000 iterations

n.sims = 6400 iterations saved
mean sd 2.5%
changeyear 42.331 0.486 41.140 42.
bll] 1.587 0.070 1.446
bl[2] 0.886 0.117 0.654
deviance 376.053 2.484 373.500 374.
n.eff
changeyear 4900
b[l] 5200
bl[2] 6400
deviance 6400

Lo
e

fit using WinBUGS,

(first 2000 discarded), n.thin = 5

25%

090 42.
541 Lo
807 0
200 375.

50%
3580
589

.886

300

75% 97.5% Rhat
42.700 42.970 1.001

[

1.633 1.721 1.001
0.964 1.116 1.001
377.300 382.500 1.001

For each parameter, n.eff is a crude measure of effective sample size,
and Rhat is the potential scale reduction factor
DIC info (using the rule, pD = Dbar-Dhat)

pD = 2.6 and DIC = 378.6

DIC is an estimate of expected predictive error

SUTHREHER

\

B <- output$mean$b
lambda <- exp(B[1])
lambda

phi <- exp(B[1] + B[2])
phi
output$mean$changeyear
[1] 4.887069

[1] 11.85329

[1] 42.33081

MCMC W&t: BEx

31

(at convergence, Rhat=1).

(lower dewviance ilg better).



b[1] b[2]

o o
7 = 7
5 2 5 2
k<t k<t
[ T 2 9 i,
[=} o o o
(5] (5]
=] =]
= — = —
< <
- -
1 rTTr17TTT I rTTr17TTT
0 40 80 0 40 80
Lag Lag
changeyear deviance
o o
- -
s n s 0
£ o 7 £ o 7
K K
¢ o . ¢ o .
s o ] o " s o ] '
o o
2 2
3 — 3 —
< <
o o
— —
1 rTTr17TTT I rTTr17TTT
0 40 80 0 40 80
Lag Lag

MCMC W& : traceplot

Trace of changeyear

45

44
|

43
|

42

41

40
|

T T T T T
2000 4000 6000 8000 10000

Iterations
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4.3 HiRoEEE Stan N
DU ETRE —

o FIAME: Dy, Do, ..., Di|\ ~ Pois(\)

o Ja¥A¥WHE: Dyy1, Diso, ..., Dr|¢ ~ Pois(¢)
VLowaiiF

A ~ gamma(a, )

¢ ~ gamma(7, )

k ~ discrete uniform on {1,2,...,T}
1. RISk

o HUTH 40 NEHEAIEIMEDY 4.95, JETH 12 DEEEHILIEDN 10.66, H5HRT4T H S5 70406 1
HSH:

e a=1,=02;7v=4,0=04

2. ] 5 AR ) Stan A ?
o Stan A BB SEAEE (KN Hamiltonian Monte Carlo s&15#6 &%)
o JHEE: EECALUARET kol il g 2

A (k, D) (MEKE DATIIIAZAL, K35 ke

I
[M]=

p(DIX, ¢) p(k, DIA, ¢)

=
I

1

I
E

m(k)p(D[k; A, ¢)

=~
Il
—

T
{Uniform(kﬂ, T) H Poisson (D[t < k7A : ¢)

t=1

I
M=

T
I

Hep R Stan PREL:

o x1 If cis TRUE
Clxy1 2o =
VT2 T 4, If ¢ is FALSE
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LSRR E B XT3
logp(DI, ¢) = log_sum_expz:1 {logUniform(kl, T)

T
+ Z logPoisson(Dy|t < k?A: qb)} ,

t=1

HAFH T Stan B9 BRI %L

log_sum__exp; ;A; = log Z exp(4;).
i=1

Stan X5

data {
real<lower=0> alpha_e;
real<lower=0> beta_e;
real<lower=0> alpha_1;
real<lower=0> beta_1l;
int<lower=1> T;
int<lower=0> D[T];

}

transformed data {
real log_unif;
log_unif = -log(T);

}

parameters {
real<lower=0> lambda;
real<lower=0> phi;

}

transformed parameters {
vector[T] 1p;
lp = rep_vector(log_unif, T);
for (k in 1:T)
for (t in 1:T)
1p[k] = 1p[s] + poisson_lpmf (
D[t] | t < k 7 lambda:phi);
}
model {
lambda ~ gamma(alpha_e,beta_e);
phi ~ gamma(alpha_l,beta_1);
target += log_sum_exp(lp);
}

REBIHIL
THE Ip I TR ER), FRAR TR

transformed parameters {
vector [T] 1p;

34



vector [T + 1] 1lp_e;
vector[T + 1] 1p_1;

lp_e[1] = 0;
1p_1[1] = 0;
for (t in 1:T) {
lp_elt + 1] = 1p_e[t] + poisson_lpmf(D[t] | e);
1p_1[t + 1] = 1p_1[t] + poisson_lpmf(D[t] | 1);
}

1lp = rep_vector(log_unif + 1p_1[T + 1], T)
+ head(lp_e, T) - head(lp_1l, T);
}
}

it E S i a k?
E%wmmMcmﬁ¢,ﬁ$%§E%ﬁﬁmxmm,ﬁﬁ%?mﬁo
i o

p(k|D) o< q(k|D) = i Z exp(lp(i, k)],
=1

Hot Ip(i, k) FoRFHGN ki, RIS ¢ A~ MCMC FEA 1ij | iEE DEJ% _I\
p(A\ @|D), BRI MCMC FEAF M THE (A, ¢) BN E T @idxt EXIENf, AT
HHES Ak ER R (k|D)

q

kD) = ——-2%t—
PR = S GD)

Softmax ER#

N THE p(k|D), Stan %1 —NHHIEEL Softmax.

Ri% N M 4k simplex A& (FTESEZMET 1), EX:
softmax(x) = %
> e exp(z;)

M

log softmax(z) = y — log Z exp(yi)
i=1

=y — log_sum_exp(y)
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HELS MRS k B9 Stan X3
HFELE Stan BARD )5 S5 I — 4 generated quantities f3, B AR 2550045 p(k|D)
ff) MCMC FEA.

generated quantities {
int<lower=1,upper=T> switchpoint;
switchpoint = categorical_rng(softmax(lp));

EFE—MRIREIR

data(afghan.deaths)
D <- afghan.deaths
T <- length(D)

al e <- 1
be_e <- 0.2
al 1 <-4
be_1 <- 0.4

data <- 1list(T=T, D=D, al_e=al_e, be_e=be_e,
al_l=al_1, be_l=be_1)

PNEL R Rl sV = S

fit <- stan(
file = "ch6_cp_model.stan", #Stan program
data data, #named list of data
chains = 4, #number of Markov chains
warmup = 2000, #number of warmup iterations per chain
iter = 5000, #total number of iterations per chain

cores = 4, #number of cores (could use one per chain)
refresh = 0  #no progress shown
)

HIE MCMC WSt R A HER
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print (fit)

Inference for Stan model: changepoint model.

4 chains,

post-warmup draws per chain=3000,
mean se mean

e 4.90
1 11.83
1p[1] -301.54
1p[2] -297.25
1p[3] -294.72
1p[51] =238 - 2%
1p[52] -234.84
switchpoint 42.83
1p -185.77

0.00
0.01
0.25
C-25
0.24

0.05
0.05
0.00
0.01

sd
0.34
1.09
26.70
25.89
25.26

Eo /3
5.49
0.41
1.01

each with iter=5000; warmup=2000; thin=1:

total post-warmup draws=12000.

2.5%

4.26 4.

9.78 11.
-360.74 -317.
-354.75 -313.
-350.84 -310.
-250.82 -241.
-247.02 -238.

42.00 43.
-188.44 -186.

Samples were drawn using NUTS(diag_e)
For each parameter, n_eff is a crude measure of effective
and Rhat is the potential scale reduction factor on split

convergence,

wEFHEX

Rhat=1).

stan__ac(fit, pars=c(”e”, 71”))

1.00

0.754

0.50 1

Avg. autocorrelation
D
(2]

0.00 1

e

25%

66
08
91
09
16

84
19
00
18

50%
4.90
11.80
-299.40
-295.17
-292.70

=237 - T3
-234.24

43.00
-185.44

at Sun Mar 17 22:29:

15% 97.

5.13 Bo

12.53 14.
-282.48 -255.
-278.72 -252.
-276.63 -251.
-234.15 -228.
-230.89 -225.

43.00 43.
-185.04 -184.
15 2019.
sample size,
chains (at

iR Bt

10

20

Lag
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10

20

5%
61
09
64
18
37

65
93
00
78

n eff Rhat

10884
11164
11115
11111
11110

10920
10815
11831

5455

=

= e

= e e



IFrl
i

print(fit, pars=c("switchpoint™))

Inference for Stan model: ché_cp_model.
4 chains, each with iter=5000; warmup=2000; thin=1;
post-warmup draws per chain=3000, total post-warmup draws=12000.

mean se_mean sd 2.59
switchpoint 42.83 0 0.4

Samples were drawn using NUTS(diag_e) at wed Mar 20 23:27:04 2019.

For each parameter, n_eff is a crude measure of effective sample size,
and Rhat is the potential scale reduction factor on split chains (at
convergence, Rhat=1).

4.4 FHHSERE Gibbs IS EIAN A
EFEEMETET ARG R SER

o FIAHHE: D1, Do, ..., Di|X ~ Pois(\)

o JEMEHE: Dii1, Diyo, ..., Dyld ~ Pois(d)
SR AR

A ~ gamma(a, 3)
¢ ~ gammal(y, 6)
k ~ discrete uniform on {1,2,...,n}

o i 40 NMEN 4.95, J5 12 M N 10.66
e a=1,=02;7v=4,6=04
o Gibbs f#FE T 2HE S H &8 A5

SRS HNR T RR S

JaE oy
p(X, &, klz) o< L(A, ¢, kl|z)m(A)m (o) (k)
k A=A n Q/)iefd) ﬂa}\afleﬁk 5'y¢77165¢ 1
=05 AL { I(a) H () Hn]
=1 1=k+1

o AO""Z?:l mi_le_(5+k)A¢7+Z;l:k+1 I,;—le—(é—&-n—k)qﬁ
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AR G AT (full conditionals):
k
Mo, k ~ gamma(a + in, B+k)
i=1

|\, k ~ gamma(y + Z i 0 +n—k)
i=k+1

HRRMFERER S
k (K125 AF 5 563 -

e

i=k-+1

[n ] [W N (;>Zé"1m

BAREE kLR, AR iﬁljj k EI’JU@‘ , wERRN pk) =1/n, MEE—A k*,
R DU Hr e 2,

h(z, $)L (wlk*)p(k*)
iz h(@, @) L(z|1)p(l)

(wlk'*)
Zl 1 L(=|l)
ERGH TRIGERF, kAE {1,2,...,n} FHUERIBEER

p(K"|®, A, ¢) =

Gibbs Sampler Algorithm
1. &EviE: 09 = (AO) O (0))
2. KUAEL 0 = (AD), ¢ k),

E(i—1)

2D~ gammal(a + Z xp, B+ EO7D)
=1

oW~ gamma(y+ Y adtn—kY)

I=k(i-1 41
for (jin1l:n)
D\ Ziei @
i = HEPAD) AW =
I @)
@ _ P
p; -
D DRy
kD = sample(1 : n, size = 1, prob = (pg ), . ,pg)))
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i SiRE Gibbs KRR R EH

gibss.cp <- function(theta.matrix,y,a,b,g,d) {
n <- length(y)
k.prob <- rep(0,times=n)
for (i in 2:nrow(theta.matrix)) {
lambda <- rgamma(l,a+sum(y[1:theta.matrix[(i-1),3]1]),
b+theta.matrix[(i-1),3])
phi <- rgamma(1l,g+sum(y[theta.matrix[(i-1),3]:n]),
d+n-theta.matrix[(i-1),3])
for (j in 1:n) {
k.prob[j] <- exp(j*(phi-lambda))*(lambda/phi) ~sum(y[1:j])
}
k.prob <- k.prob/sum(k.prob)
k <- sample(l:n,size=1,prob=k.prob)
theta.matrix[i,]<-c(lambda,phi,k) #storing the set of parameters
}

return(theta.matrix)

}

HRREE Gibbs R R D (40

library(BaM)

data(afghan.deaths)

y <- afghan.deaths

my.alpha <- 1; my.beta <- 0.2

my.gamma <- 4; my.delta <- 0.4

tot.draws <- 2000 # Total number of samples

# initial values for (lambda, phi, k)

init.param.values <- c(5.95, 10.66, 40)

init.theta.matrix <- matrix(0, nrow=tot.draws, ncol=3)

init.theta.matrix <- rbind(init.param.values,init.theta.matrix)

my.Gibbs.samples <- gibss.cp(init.theta.matrix, y=y,a=my.alpha,
b=my.beta, g=my.gamma, d=my.delta)

# remove first 1000 sampled values as "burn-in":

my.post <- my.Gibbs.samples[-(1:1000),]

HimiRE Gibbs #IfFH) R RED: EBI1T4H

> summary (my.post)

Vi V2 V3
Min. :3.573 Min. : 8.073 Min. :39.00
1st Qu.:4.650 1st Qu.:11.464 1st Qu.:42.00
Median :4.873 Median :12.201 Median :42.00
Mean :4.882 Mean :12.224 Mean :41.85
3rd Qu.:5.106 3rd Qu.:12.964 3rd Qu.:42.00
Max. :6.321 Max. :16.983 Max. :44.00

# Posterior medians for lambda, phi and k
> apply(my.post,2,median)
[1] 4.872718 12.201327 42.000000
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HREE Gibbs IR R RXED: HFGE

<
— o —
o 1
S
- -
[ee) SHN ]
g
2 9 | u 2
o O o N |
o — o o
4] 5]
[a} a)
<
o
—
pags
N
d _J h
o o
o o
4.0 5.0 6.0 10 12 14 16
lambda phi
HRIL

5

WinBUGS Model:

lambda; phi; changeyear
4.89; 11.85; 42.33
Stan Model:

4.90; 11.83; 42.83
Gibbs Sampler:

4.90; 12.37; 41.86

RETIE

51 1 REFHFERIR

BRI 1 RV R IR L,
1. 7 DU

2. FHXIRL Stan A08Y, JEHH Rstan BEATRME, FFERUEYTSATE:
3. BIREIHCN t A, HHHEAT RStan I LLELEATEIR

41
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