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DM AR ER X I E B
L. RAFERIIA p(Oly): p(Bly) o< m(0) f(10)
o SMBURI D AREA R, AL A
2. AT AL h(0) X I 58 5 A 1T 1)

E[h(0)]y] = / h(0)p(0]y)do

o WHE: E@)y) = [6p(8ly)do, (h(B)=10).
o W Elgly] = [ f(510)p(0ly)do, (h(0) = f(10)).
o W% PO A)=[,p0ly)do = [14(0)p(0]y)do, (h(6) = I4(0)).

, ifoeA
La(6) = {0, if6¢ A
AT NS 3 53 7 R B R M AE AR ?

o HIRWME p(0y) JvE oA BRI iid FEA

1. Inverse CDF Method
2. Rejection Sampling

3. Importance Sampling
— BRA: E4EA N XE

o AR p(0ly) FARE WA SRR REESR RIS (MCMC) %

1. The Gibbs Sampler

2. The Metropolis-Hastings Algorithm

AEER

BHY: ABEHNELSERESHINAENR, ALUTERW 5 R ESHE.
L THEHUSIE A

(a) AT SRR B IR )
(b) FEALAZ A1 B EHERIE (MC)

2. LRA] KEESHRFR 2L (MCMC)

(a) The Metropolis-Hastings Algorithm (MH 1%E4%i%)
(b) The Gibbs Sampler (74 it as)



1 FENAET R

1.1 AEFHstEEe

St iE]RR
EEB AT 1777 IR R SRR A R A —— BN LI

L W5k A 4R, e bl BV KB o B TATE

2. WM—RKEN LD <o) W%, BEHLMAEA AT BZAAE I8 n Ik, WS4 5 HARALEH)

3. VAT 5 AR R

p_ . m
Ta n
A58 LRI IR
WEGE B BRI MR A Z Al T HE
Wolf 1850 5000 2532 3.1596
Smith 1855 3204 1219 3.1554
Morgan 1860 600 383 3.137
Fox 1884 1030 489 3.1595
Lazzerini 1901 3408 1808 3.1415929
Reina 1925 2520 859 3.1795
T EN R

set.seed(1234)

L <- 0.8 # £FKE, TATLRIFE a=1

n <- 1e+06 # T 100000 X

ul <- runif(n) # HXFEHLEL

x <= 1/2 * ul # x seb A0 B EaL ALk B FE B

u2 <- runif(n)

y <= L/2 * sin(u2 * 2 * pi) # HEEKEN—F
z <- as.numeric(x <= y) # MM ARELZMZE x<=y
pi.e <- n * L/sum(z) # pi HIfliital

pi.e

[1] 3.140938

T EHAR R E S B



A. A. Markov (1857 - 1936) John von Neumann, Stanislav Ulam, Nicholas Metropolis

Monte Carlo

« BHHB (MonteCarlo) Jrik, S HHBEHARNUI I, R —H03 T EMI BEFLEC 1
% ol

o VTS U AR THA) < B, BRI 107 AR T
T

o Stanislaw Ulam 7£ 40 AR, 40 7E Los Alamos [ ¢S50 % 0 50 S 15
o - #HtE (John von Neumann) F35 4 M5 —ACHE T 50l ENIAC Zfit 5
o - VEPHE HIH SRR Monte Carlo #ir44
Nt EAREE
o prehistory (1763 -1960): Conjugate priors
e 1960s: Numerical quadrature
— Newton-Cotes methods, Gaussian quadrature, etc.
o 1970s: Expectation-Maximization (“EM”) algorithm
— iterative mode-finder

e 1980s: Asymptotic methods

2y

— Laplace’s method, saddlepoint approximations (%% s iEiT)



e 1980s: Noniterative Monte Carlo methods

— Direct posterior sampling and indirect methods (importance sampling, rejection, etc.)
o 1990s: Markov Chain Monte Carlo (MCMC), #antEf771%

— Gibbs sampler, Metropolis-Hastings algorithm

e MCMC methods broadly applicable, but require care in parametrization and convergence
diagnosis

1.2 BR#HF49SH) Monte Carlo 3%

ST R ISA T BRI TR HOARS 2
SHLRERRE h(0) MIGRAY (ERUGRAA p(0]y)):

L WA (IEBENL) 771k RS XA [a,b] 520 M S5y, (EGAEER— & 00, N

0)ly] = ‘/h p(6]y)d

2. BEHLHIRE Gid) J7ik: % 00 (i =1,2, , M) NKRERRD A pdly) B iid FEA, NIHRHE K

e
O)ly] = [ b@)p(oly)as M}:hm)

0 y)

3. JE Ry A
-%%-Ewwwsﬁzﬁﬁ@

o« B p(ily) = 3 it £(@109)
o MEE: PO € Aly) = L {#0Wof draws € A)

Monte Carlo i+ E{REFIEE
5 1 (A5 Beta A FImEAIESE). BiXE®B 2 0 ~ Beta(5,10), K& R F .

Skew =FE (9_—“>3, Kurt=F (u)‘l -3

o o

set.seed(1234)
x<-rbeta(1000,5,10)
u<-(x-mean(x))/sd(x)
skew<-mean(u~3)
kurt<-mean(u~4)-3
c(skew,kurt)

## [1] 0.43107372 -0.02523695

o YEECRME: N YEASIA],  ARBEALIT VS R A
o RERFE. TR A p(0]y) HIEARRERIBENIAEA?



1.3 A R BEEHTIMEITTERN—LKIT

H R EE&ELmE
— LT B T

o JER AR p(0ly) B RAARX
— WTBLHARIENLE L q(0]y) (p(By) HIBRHHO
o ESHTHA T

— ZHONIER (WT7 %), SO #Ae i
— XPEE, i logit AR logit(p) = log[p/(1 — p)]

o JERPATE L, — OB log AR, RN REAIZ S AN

logp(fly) = log7(8) + Y _log f(y|6)

i=1

1.4 FEHEESMRIERMEE
Inverse CDF Method
FIE 1 AEMEE X 92 HEH (CDF): F(z)=P(X <z), %% F(x) &%, ®#%H, 1
Y = F(X) ~ Unif(0,1)
R B ug g, ... unr A& Unif(0,1) (9 iid #6A%, W X A9 iid BEAN

Xr; = Fﬁl(ui)
Examples
1. Cauchy(p, o)
1 1 —
F(z|u,0) = =+ —arctan (x M)
2 7 o
F~Y(ulp,0) = p+otan(r(u—0.5))

2. Exp(B)
F(z|B) = 1—exp(—z/B)
F7Hulf) = —Blog(l —u)

il AR 4 Cauchy(1,5) 23R B n=1000 PMEEAS?

n<-1000
u<-runif (n)
x<-1+5*tan(pi*(u-0.5))



R =
PEx

o FEAEERHE BARH A0
B R
o DATHREL (CDF) KRR EA—ERERH (41 Normal, Beta, Gamma %)
o RPN VERCRAGE CRE AR 4340 6D
o ZUWBERMY
o XEEM v, EHEH T
Rejection Sampling
BHiY: AMEEEZEMBEE ST p0ly) KR

H—ANE GBI AT g(0), 73 p(0ly) < cg(0), XA 6 FKEA ¢ KL,
il

1. #H 0 ~ g(0), THEEZZE 6ly)
_ p(@ly
r(0) = ) <1

(r MK, SEAUHA 2R

2. HHHL u ~ Unif(0,1)
W w<r(0), B2 0 A p@ly) FIFEAR
WR w > r(0), 4 0, HiR[E 1
(RIDIMERE p = r(0) $252 0 N p(0]y) HIFEAD
Ly 57 3=
o fLri:
— A HEREZ —
— 18 p(0ly) ¥ AEENALEIR % q(0)y) WAL, X—8IREHH, BN p(0ly) I EEH
G R
— ZHARMED A ESH X T 7%: Normal, Gamma, Beta,...
o G

— FREMRALE: ¢ RN, RE (=1/c) RIK
— V534 g(0) AHH

o I Acceptance-Rejection Sampling (¥ii&i%)
¢ Remarks

— Target density: p(0|y)
— Source density: g(0)



f5]: Normal-Cauchy Model
B Y ~ N(0,1), 6~ Cauchy: w(0) < (1462~ =t(1), JEWRDAARF A
PRSI 0 =2, HAE 5 MEE: y<-rnorm(5,2,1), WG R IR 0 M1t
18,
R AR5 7

L. & a5 B

2. WEIRELE g(0) : N(g,s%)

3. HEHEE ¢ = max[f(0]y)/g(0)]
4. EAHIFE

- M HREARAEREL

ot

Importance sampling
BH&Y: A Monte Carlo FEITE E(h(0)|y)
i q(6ly) N MGG I B (B 35Y), Tk i Bt A
AT B SR A R B I 9(0), FFBUILIREEA: 01,62, 6™ ~ g(6), T
(

S h@)g@l)do [T(O)a(Oly)/g(0)]a(0)do
EhOW) = =7 Gde -~ Jla@ly)/9@)]g(6)d

&M h(0)w(6')

ﬁzij\ilw(ei)

Hrp

i iy 7T L i
0t — q(f \y) (0 )Hi:l‘ f(wil6")

T T

PRV E ZVE LU B . (Importance ratios or weights)
LI A WEAE Y1, MR wyq1(07) = wi (0°) f(yn|607)

5]: Normal conjugate

o MM yi ya,...,yn ~ N(0,02%), 6 ~ N(0,100)

o WHE: FERIME EW@)y) (B h(0) = 06)
-~ HM0=10=1 (BHD
— MON(1,1) B4l n = 100 MUERAE

o A
1. fEIESAGHEE: 01,...,0% ~ g(B) = Unif(—5,5)
2. WX HAE: logw; = log¢(6';0,100) + -7, log ¢(y;; 6%, 1) — log g(6")
3. IMHEBE: w; = exp(logw; — max(logw;))
4. WHERISME: E(6ly) = S0, 0w/ (S wi

8



Sampling Importance Resampling (SIR)
Hi: PR p(0)y) MSEBEMA A

o BREZTERAR: 01,0707 ~ g(0), MIE w(o') = 2O, KA1 p(oly) i
n(n < M) MFEAR

o GBS _
__w(®)

BTSN (o)

— HEC 07 {01, 0%, ..., 0M} R, B PRI p,
— HHEC 050 MR M — 1 AMHHCGE A CRERD
— DSBS, ERHEGE o A, W07, ..., 05 ~ p(0y)

e SIR /& Weighted Bootstrap i

2 DIRAIR#EFEIFFFIANRE (MCMO)
Monte Carlo 155 MCMC
e Monte Carlo f34>

— Draw independent samples from posterior distribution
— Use sample averages to approximate expectations

— BUT it’s difficult with high-dimensional posteriors
e Markov chain Monte Carlo (MCMC)

— Draw samples by running a markov chain that is constructed so that its limiting
(stationary) distribution is the joint distribution of interest

— Used when it is not possible (or not computationally efficient) to sample directly
— Samples are not independent !
/RAk$E (Markov Chain)
. TRBHREE

— g p RFEFS 00 (t=0,1,2,...) AHDERME: FASREWA, SURBTBER
RE, HkkpRESiers, i

PO c oo™, 0 ... 6W) = PO c 0|8V

WUIFRIZ IS 18] F2 51 9y 2K Rk R
— 0 [P T B BB AL IR 2 A ©

e 00[90"D ~ T, (010 Y) B IyEEM S (transition distribution)



— IERAE B, pl) = POV = 00D = k) TRy BERE, M = (o)) K
R R

o HELGR: RUEM (R
— FE—EAIET, DURBIREE {00} AME— ORI AT (RUE D, BT ¢ — oo,

0 = (0",0,....00) % 6 ~ p(Bly)
O/RAKEEERE (MCMC) ¥
WA R T R B EE 0 (¢ > 0), AEFME—HR IR A0 IE 12 S50 A6 p(6]y)?
o HH MCMC #hFEE:

1. The Gibbs Sampler (Geman and Geman, 1984; Gelfand and Smith, 1990; fundamentally
changed Bayesian computing )

2. The Metropolis-Hastings Algorithm (Hastings (1970))

o fRB S IREEEM M K, TEFERT m IREER (M Burn-in, FEOYRTHE FEIEAAREAR AT E), )5
M (M —m) RERAE NG A IIFEA

Gibbs Sampler
I R B R AR U E p 42751 {00, 0(1 b FARBR AR SR A p(Bly), ey
i (transition kernel ) /& A 2570 Ai B

o 41 6 2 p 4EE, 1fi Gibbs Sampler KL 1 4EFEAR, TN p 4ECEFEA
o AEAE: EHESHITAFHERSH
Algorithm
1 Mt 0 = (02,087, ... o{™)
2. A 09

0~ (00,09, Dy

65 ~ p(6al6”, 057V, 607 y)

0U) p(9p|9§j), ,“_ 9(]) y)

p ?p17

10



Metropolis-Hastings: Motivation
« Gibbs sampling 75 ZLR1E A A4 )5 56 70 A
— FTABIFH, AR AR IR

o WIRARILH AT, BEAI?

— AILLA Rejection sampling $HUEE A 5 56 70 Af IFEAR
— RIS HAR D, OK, fH... BHMIR

o I IRE

1. Auxiliary variables
2. Slice sampling
3. Metropolis-Hastings sampling

o Metropolis-Hastings sampling N ] 72

Metropolis-Hastings Algorithm
MR B R E p 42751 {000}, HARIRA R E 1M p(0ly)

Algorithm
1 Mt 0 = (02,687, ()
2. 8 j . MFELSH (proposal density) IR & K:0% ~ g(67|0VY)

3. HEHET IR .
o=mind1, PO 907 16")
p(8Y"V]y) g(6"10V"Y)

4. T2 F2HE U ~ Unif(0,1)
« BHU<a, MEZ OV =0
o B, 69 =gl-b

Proposal density
EIR 2. BAFASH ¢(0*10UV) e —= EN S, W M-H 4135169 5 7Dk TR Z > H
1. BENLIEP (Random walk chains)

o T ERA W FEEIOER: ¢(0710Y V) = h(O* —0U™Y), h() KT JE AR

w0y
" p(8UDly)

e o =min {1
2. M7k (Independence chains)
e g(6°160YV) = g(0"), H4RTFIMET R

« a=min {1, 200 |, 3t w(O) = p(oly)/9(6)

11



Random walk proposal
e Proposal:

oo~ N(aUD, d?)

g YUY~ N(BUTY, d3)
— Random walk: 2; = 241 +e;, e, ~ N(0,02)

o % 0Y) = 0" R

a = min {1 W(O*)f(y|0*) }
(V) f(yleY D)

5l 1. —HIFSS7H Gibbs 3t

Xt ICIEA AR
X ~ N 5 o} pPO102
Y wo || poros 05

g2
YﬁY=1”vNOu+p;jz—uﬂJ1—p%ﬁ)

HApAE AN

XIY =y~ N2 7 -y = o), (1 =)o)
LALLM AR VI 2,500 SRRHT 2 20) ~ (a0, 30~
o(ylz*))

Bl 1: ZHIEDSHH) Gibbs AR R K15

rbinormal <- function(n, mul, mu2, sigmal, sigma2, rho) {
# initialize
x <- rnorm(1l, mul, sigmal)
y <- rnorm(1l, mu2, sigma2)
Xy <- matrix(nrow = n, ncol = 2, dimnames = list(NULL,
c("X", "Y")))
# sample from conditional distributions
for (i in 1:n) {
x <- rnorm(1l, mu2 + sigmal/sigma2 * rho * (y - mu2),
sqrt(1 - rho”2) * sigmal)
y <- rnorm(l, mul + sigma2/sigmal * rho * (x - mul),
sqrt(1 - rho™2) * sigma2)
xyli, 1 <= c(x, ¥

Xy

12



5l 1: Gibbs HARIAT 20 MER

set.seed(123); n<-20

z<-rbinormal (n,mul=0,mu2=0,sigmal=1,sigma2=1,rho=0.5)

plot(z)

arrows(z[-n, 1], z[-n, 2], z[-1, 1], z[-1, 2],
length = 0.1, col = "gray40")

5l 1: BT 5000 MERWIME., FREEFIHEXIER
HEL N2 (0,1,0,1,0.5) #5000 MNEEHLEEAS .

> z <- rbinormal (5000, 0, 0, 1, 1, 0.5)
> apply(z, 2, mean) # sample mean
X Y
-0.004524327 -0.007134536
> apply(z, 2, sd) # sample sd
X Y
1.007888 1.004023
> cor(z) # sample correlation
X Y
X 1.0000000 0.5039506
Y 0.5039506 1.0000000

f5 1: A 2000 MEAFSE (FHXEH =0.5)

z <- rbinormal (2000, 0, O, 1, 1, 0.5)
plot(z)

13



f5 1: B 2000 MERFAE (FHXHREH =0.95)

14



KENGE
Monte Carlo J7i%

1. EEHhRL

(a) Inverse CDF Method
o BIBI5p AT — o3 BR BT B HA
(b) Rejection Sampling

o Ho A HIRER B R g(0), 78 p(oly) < cg(0), WIHBZME 1
g(0) PERIBEA, LUBLE » 82209 p(0ly) fIREA

(¢) Importance Sampling
o o AE IR KA g(0), W E[h(0)y)] 55 TR g(0) BIREABEAT BT
¥
2. G/RAI REESHR R ENE (MCMC)

(a) Gibbs Sampler
o NPT TG SRAT R IR AR Ul R
.
(b) Metropolis-Hastings
o JEHUETE RT3 A A Dy ) IR AR A1
« Gibbs /& MH 45

15
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